Abstract. We study the basic age-structured population model describing the HIV infection process, which is defined by PDEs. The model allows the production rate of viral particles and the death rate of productively infected cells to vary and depend on the infection age. By using the direct Lyapunov method and constructing suitable Lyapunov functions, dynamical properties of the agestructured model without (or with) drug treatment are established. The results show that the global asymptotic stability of the infection-free steady state and the infected steady state depends only on the basic reproductive number determined by the burst size. Further, we establish mathematically that the typical ODE and DDE (delay differential equation) models of HIV infection are equivalent to two special cases of the above PDE models.
Introduction.
In past decades, within-host dynamics of HIV have widely been investigated using various mathematical models in different formulations, which have yielded important insights into HIV pathogenesis and have enhanced progress in the understanding of HIV infection. Earlier models of virus infection were commonly defined by ordinary differential equations (ODEs) (Nowak and May [21] ; Perelson and Nelson [22] ), in which the infected cells were assumed to produce virions instantaneously after virus contacts the target cell. In [23] , Perelson et al. estimated the average life span of a productively infected cell, the maturation time of HIV virion, the viral productive rate, and the loss rate of infected cells according to a set of viral load data collected from infected patients. Considering the latent period between initial infection of a cell and production of subsequent virus particles in reality, Herz et al. [6] first incorporated a discrete delay into their HIV infection model and showed that this intracellular delay would substantially shorten the estimates for the half-life of free virus obtained from clinical data. The incorporation of time delay in virus infection dynamics leads to a class of delay differential equation (DDE) models. Thereafter, models of HIV infection dynamics combining drug treatment and discrete or distributed delays have generally been studied analytically and numerically by Perelson and collaborators [17, 18, 19] and other researchers [2, 7, 12, 13] .
Note that death rate and virus production rate of infected cells are both assumed Based on Nelson's age-structured HIV infection model, using the various life history trade-offs between viral production and death of infected cells, Gilchrist, Coombs, and Perelson [4] explored the effect of the relative fitness of a virus within a host. Rong, Feng, and Perelson [25] and Feng and Rong [3] further developed this age-structured model, combining drug therapy, to study the impact of drugs on viral dynamics. Recently, Qesmi et al. [24] extended the age-structured mode of [20] , including the infection of both liver and blood cells and the interaction of these cells, to describe the dynamics of hepatitis B or C virus infection. It seems that the age-structured model introduced by Nelson in [20] is a generalization of previous ODE and DDE models and a basic model for describing virus development in a host.
Actually, the PDEs for age-structured populations have been widely used to study the epidemiology of infectious disease (Thieme and Castillo-Chavez [27] ; Webb [28] ; Zou, Ruan, and Zhang [29] ). It is difficult to deal with PDEs both analytically and numerically, notably for global dynamical properties. Mathematically, Nelson et al. [20] and Rong, Feng, and Perelson [25] utilized the Jacobian matrix to calculate the characteristic equation and study local stability of the model without or with drug treatment, respectively. Global dynamical properties are important for analyzing in-host viral infection models since they can help us to clear virus final development in the patient. However, the global stability for basic age-structured models of HIV infection is still unsolved. Recently, Magal, McCluskey, and Webb [14] successfully employed the classic Volterra-type Lyapunov functions to study the global stability of endemic equilibrium for an infection-age model of disease transmission. These functions also achieved the global stability of a delay SIR (susceptible-infected-removed) model with fixed infection period in McCluskey [16] . Melnik and Korobeinikov [15] used them to establish elegantly global stability for SIR and SEIR (susceptible-exposed-infectedrecovered) models with age-dependent susceptibility and the McKendrick-von Foerster equation. Motivated by these, the main purpose of this paper is to establish global dynamical properties for Nelson's age-structured model without (or with) drug treatment by constructing suitable Lyapunov functions. The results show that the stability of the infection-free steady state and the infected steady state depends only on the basic reproductive number determined by the burst size. Further, we mathematically transform two special cases of the age-structured models to the standard ODE model and the DDE model. This confirms that the age-structured model is a generalization of previous ODE and DDE models to describe the dynamics of HIV infection.
The paper is organized as follows. In the next section, we present the model and give existence conditions for equilibria. Section 3 is devoted to establishing global asymptotic stability of these equilibria by means of suitable Lyapunov functions and LaSalle's invariance principle. In section 4, we carry out the mathematical reformulation among the ODE, DDE, and PDE models.
Model and equilibrium analysis.
We consider the basic age-structured model of HIV infection, which was proposed by Nelson et al. [20] as follows:
with the boundary condition
and initial conditions (2.3)
, and
Here, T (t) denotes the population of uninfected target T cells at time t, i(a, t) denotes the density of infected T cells of infection age a (i.e., the time that has elapsed since an HIV virion has penetrated cell) at time t, and V (t) denotes the population of infectious free virion at t. s is the recruitment rate of healthy T cells, d is the per capita death rate of uninfected cells, δ(a) is the age-dependent per capita death rate of infected cells, c is the clearance rate of virions, k is the rate at which an uninfected cell becomes infected by an infectious virus, and p(a) is the viral production rate of an infected cell with age a.
In the following, we give two important assumptions on the initial conditions and the formulations of the functions p(a) and δ(a):
• The initial conditions:
In addition, as assumed in [20] , to study primary infection we choose the initial data T s > 0, i s (a) = 0, and V s > 0. To study the effects of drug or monoclonal antibody therapy, we choose T s > 0, i s (a) > 0, V s > 0, and i s (a) = 0 for large a > 0.
• The viral production rate and death rate of infected cells are unknown and need to be determined experimentally. As pointed out in Rong, Feng, and Perelson [25] , here we also allow p(a) and δ(a) to be arbitrary functions (e.g., they do not have to be monotone functions in [20] ). The functions p(a) and δ(a) are assumed to be nonnegative and bounded for a ≥ 0, and integrable in 
Note that lim a→∞ i(a, t) = 0 for any t ≤ a, which implies that there is a finite maximum age from the above assumption. Using classical existence and uniqueness results for functional differential equations (see Hale and Verduyn Lunel [5] and Kuang [11] ), it is seen that the integrodifferential system (2.1) with (2.2) in which i(a, t) is substituted with the expression from (2.4) has a unique solution, which is globally defined. We will show the positivity of solutions for t > 0. By (2.4), it is easy to see that i(a, t) remains nonnegative for nonnegative initial data. Further, suppose that there exists t 1 > 0 such that T (t 1 ) = 0 and T (t) > 0 for 0 ≤ t < t 1 . Then, from the first equation of (2.1) we have
Similarly we can show that V (t) ≥ 0 for all t ≥ 0 and for all positive initial data.
Proposition 2.1. System (2.1) with (2.2) has a unique nonnegative solution for nonnegative initial data.
The total number of viral particles produced by an infected cell in its life span is called the burst size, N . For cells with age-dependent viral production and death rates we have
is the probability that an infected cell survives to age a. We assume that N is finite, which is ensured, for example, under the condition that ∞ 0 p(a)da is finite. Obviously, the burst size is fully determined by infected cells' death rate and virus production rate.
We now determine the steady state of model (2.1). Model (2.1) has at most two equilibria. The infection free steady state 
Since i * (0) = kV * T * , it follows that C = kV * T * , and we have
Solving ( 
By using the Jacobian matrix and its characteristic equation, local stability of the equilibria of (2.1) has been analyzed in Nelson et al. [20] . Here our aim is to establish global asymptotic stability of the infection-free equilibrium E 0 and the infected equilibrium E * .
Global stability of equilibria.
In this section, we prove the global asymptotic stability of the infection-free steady state and the infected steady state. The results are obtained by means of Lyapunov functions.
Theorem 3.1. If R 0 ≤ 1, the infection-free steady state E 0 is globally asymptotically stable.
Proof. First, we define a positive function as
Note that α(a) > 0 for 0 ≤ a < +∞. And (3.1) satisfies α(0) = N . Further, we transform (3.1) as δ(s)ds is bounded, then the denominator of (3.2) has a minimal positive value. Now it follows that lim a→∞ α(a) = 0.
(ii) If ∞ 0 δ(s)ds tends to infinity, it leads the denominator of (3.2) to tend to zero. By l'Hôspital's rule, we have
Thus, both cases imply that α(a) is bounded, which is important for our later analysis. The derivative of α(a) satisfies
That is,
Let us consider any solution (T (t), i(a, t), V (t)) of the model (2.1) with the nonnegative initial data (2.3). We define a function U 1 (t) as follows:
where α(a) is a positive and bounded function defined as (3.1). Since the function h(z) = z − 1 − ln z, z ∈ R + , has the global minimum at z = 1 and h(1) = 0, we know
and the function U 1 (t) is nonnegative defined with respect to the infection-free steady state E 0 , which is a global minimum. Calculating the time derivative of U 1 (t) along (2.1), we have
By using s = dT 0 , we have
Here, using integration by parts, we have
Here we used α(0) = N , i(0, t) = kV (t)T (t). By (3.4), we have
Therefore, R 0 ≤ 1 ensures that U 1 (t) ≤ 0 holds. Note that the last term in the above equation is bounded since so is α(a). Every solution of (2.1) tends to M, where M is the largest invariant subset in {U 1 (t) = 0}. Note that when R 0 < 1, the equality holds only if T (t) = T 0 and V (t) = 0. From (2.4), we have i(a, t) = 0 for t > a in M.
Hence we have that M = {E 0 }. When R 0 = 1, U 1 (t) = 0 only if T (t) = T 0 . We show that M also contains the equilibrium E 0 . Let (T (t), i(a, t) , V (t)) be the solution with initial data in M. From the invariance of M, T (t) = T 0 for any t. By the first equation of (2.1), it follows that V (t) = 0 for any t. Similar to the case R 0 < 1, we have that M = {E 0 }. Thus, by the Lyapunov-LaSalle asymptotic stability theorem for semiflows, the uninfected steady state E 0 = (T 0 , 0, 0) is globally asymptotically stable when R 0 ≤ 1. The stability property implies that all paths in the feasible region approach the infectionfree steady state if there is a finite maximum age (so that all forward paths have compact closure). Proof. Define a Lyapunov function
where α(a) is defined as in (3.1).
It is easy to see that the function U 2 (t) is continuously differentiable. Similar to the proof of Theorem 3.1, U 2 (t) is nonnegative and the point E * is the global minimum point. Calculating the time derivative of U 2 (t) along (2.1), we have
By using s = dT * + kT * V * and kT * = c/N , we have
∂i(a, t) ∂t da
Further, we have
i(a, t) da
here i a (a, t) = Hence,
i(a, t) δ(a)i(a, t) i * (a) .
We have
(a)i(a, t).
Then, using integration by parts, it follows that
Further, due to the following equalities,
we know
Hence, recalling c N V * = kV * T * , and putting the above into (3.8), we have
we have
We find that all of the terms in (3.11), (3.12), and (3.13) have the properties of function h(x) = x − 1 − ln x. This means that positive-definite function U 2 (t) has negative derivative 
, and V (t) = V * . Hence, every solution of (2.1) tends to E * , which is globally asymptotically stable when it exists. By the proofs of Theorems 3.1 and 3.2, it is natural to have the following corollary. Corollary 1. All solutions of (2.1) with (2.2) and positive initial data are bounded for t > 0. When R 0 > 1, system (2.1) is uniformly persistent.
The above approach and analysis are also applicable for the model combined with drug treatment. In Rong, Feng, and Perelson [25] , an age-structured model that takes into account the effects of both entry inhibitors and protease inhibitors is described by the following equations: 14) with appropriate boundary and initial conditions. Here V I (t) denotes the concentration of infectious virions and V NI (t) denotes the concentration of noninfectious virions. P I and EI represent the efficacy of protease inhibitor and the entry inhibitor, respectively (0 ≤ P I , EI ≤ 1). The function β(a) (0 ≤ β(a) ≤ 1) describes the proportion of infected cells that have not completed reverse transcription. The other parameters and variables have the same meaning as in the model (2.1). System (3.14) was used to study the possible impact of drug treatment of HIV-1 infections on evolution of the pathogen by Rong, Feng, and Perelson [25] and by Feng and Rong [3] . System (3.14) also has two steady states, the infection-free steady state and the infected steady state. And now the basic reproductive number is
Note that R 2 is reduced to R 0 when EI = P I = β(a) = 0.
For model (3.14) , as the variable V NI does not appear in other equations, we can ignore the V NI equation when studying the global properties of (3.14) . The proofs of the global stability of two equilibria are analogous with (2.1) by utilizing two similar Lyapunov functions. We establish the following results for model (3.14) . 
Let us further assume that in this situation t is larger than all possible infection ages, and consequently i(a, t) is always expressed by the first half of (2.4), that is,
for a < t.
which represents the total number of infected cells at time t, we have
From the boundary condition (2.2), we know that i(0, t) = kV (t)T (t). Since T (t) and V (t) are bounded on [0, +∞), we can deduce that
Hence,
Thus, (4.1) is equivalent to the standard ODE model in [21, 22] ,
Note that in the above model (4.3) the burst size N = p 0 /δ 0 . Case II: Let us assume that there is a time lag τ for virus to enter into the target cells, and after time ω (ω > τ) infected cells begin to produce free virions, according to their mortality and viral production kernels, i.e.,
From (4.5), we have In (4.6), τ and ω are two intracellular delays describing the periods required for virus to enter cells and for infected cells to produce virions (see Nelson, Murray, and Perelson [18] ).
Remark. Actually, if we give the boundary condition of PDE model (4.1) as i(0, t) = kV (t − τ )T (t − τ ), it naturally follows the DDE model from (4.1), which includes only one delay τ .
From the above analysis, we derived the ODE model (4.3) and the DDE model (4.6) as two special cases of age-structured models described by PDEs by introducing two constant death and production rates. It means that the age-structured model is a generalization of ODE and DDE models and has greater flexibility that may better represent the underlying biology of the infection process. Comparing with the dynamical properties of ODE and DDE models, we find that the incorporation of age-infection does not change the qualitative behavior dramatically.
On the other hand, in this paper, in order to establish global dynamics for the basic age-structured HIV infection model, we constructed a class of Lyapunov functions by using the function H(x) = x − x * − x * ln(x/x * ). Actually, a function of this type has been widely used to construct Lyapunov functions for earlier models of HIV infection dynamics. For instance, Huang and coworkers [7, 8] constructed Lyapunov functionals for the DDE model (4.6) with nonlinear infection rate. Korobeinikov [9, 10] also used the similar typical function a i (x i − x * i ln x i ) for the ODE model (4.3). Here we should point out that the bounded function α(a) is key and important to construction of suitable Lyapunov functions for PDE model (2.1). And this α(a) is determined mathematically by related coefficient function p(a) and δ(a) with respect to a.
